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o A time-symmetric initial data set is a Riemannian 3-manifold (M, g, K = 0) satisfying the Einstein
constraint equations

1 1 .
8ﬁu:§(R+trK27\K\2)f >R, (energy density)
8nJ=div(K —trKg)—0. (momentum density)

o The dominant energy condition prescribes R > 0.
o An outermost apparent horizon X is an outermost minimal surface.

Definition - Asymptotically flat manifold

(M, g) is €F-asymptotically flat provided M\ K ~R3\ B and [g— 6| = Oy (|z|~7).

(M,g) arises as a spacelike time slice in an isolated gravitating system
governed by Einstein’s equations.

INITIAL DATA SETS



PENROSE’'S ARGUMENT

Initiq) state
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Cosmic censorship
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Evolution in time [Choquet-Bruhat, Geroch]
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Spatial Schwarzschild manifold

Given m >0, itis

4
3 m
(R \BQ‘“’<1+2\$|> 5).

o lItis scalar flat R=0. .

o OM is outermost minimal.

o Itis ¥°-asymptotically flat.

The quantity m represents the mass of the black hole and satisfies the equality in the Penrose

inequality
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SCHWARZSCHILD BLACK HOLE



Definition - ADM mass [Arnowitt, Deser, Misner ‘61 - Phys. Rev.]

1 zk
m = i — 0.:091:—0p9g::)—d
Apm = lim 16“/BBR< i 9k — Ok G,;) 2740

The naive idea would be to integrate the mass density . =R/(16)
= spatial Schwarzschild would have 0 mass, and

= there would be no superposition principle.
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& E'/MRdVolm ﬁ./MVR‘J(gfé)dx _ Rgrfwﬁ./B B1(8;01; — By g;5) de.
R

Theorem - [Bartnik ‘86 - CPAM], [Chrusciel ‘86 - SPRINGER]

map IS O geometric invariant if (M, g) is €X-asymptotically flat, 7> 1/2.

THE MASS


https://doi.org/10.1103/PhysRev.122.997
https://doi.org/10.1002/cpa.3160390505
https://mathscinet.ams.org/mathscinet-getitem?mr=1102938

RIEMANNIAN PENROSE INEQUALITY [« }

o The general case is still a conjecture.

Theorem - Riemannian Penrose inequality

Let (M,g) be a ¢ }-asymptotically flat 3-Riemannian manifold with R>0 and Ric > —C/|x “and a
minimal connected outermost boundary O M. Then,

|oM|
Tom <SMApM-

Moreover, the equality holds if and only if (M, g) is isometric to the Schwarzschild of mass m pys-
o [Bray ‘01 - JDG] for disconnected horizons (up to dimension 8 [Bray, Lee ‘09 - DUKE]).
o [Huisken, limanen ‘01 - JDG] for connected horizons using inverse mean curvature flow (IMCF).

o [Agostiniani, Mantegazza, Mazzieri, Oronzio 22] for connected horizons using nonlinear potential
theory.

Prove the Riemannian Penrose inequality for %’Tl>1/2—osymptoticolly flat manifolds.


https://doi.org/10.4310/jdg/1090349428
https://doi.org/10.1215/00127094-2009-020
https://doi.org/10.4310/jdg/1090349447
https://doi.org/10.48550/arXiv.2205.11642

Bridging two paths towards the
Riemannian Penrose inequality

Beyond the horizon of ADM mass
toward milder asymptotics




1 Bridging two paths towards the
Riemannian Penrose inequality



IDEA OF THE PROOF

o Consider the Hawking mass Willmore deficit in R3
e e

mﬂ&::,/% (11;T'/ZH2da>.

[oM]
167
o Evolve M using the weak IMCF w; and define =\" := 8{w; <t}.

e OMis minimal = my(OM) =

e M is 3-dimensional and R>0
Gauss-Bonnet

d (1)

amH(Et )

1 |z : 2 vTHP
> Ly Bel (g RTdUJr/ || +R+%da >0.
167 16m Jsn Jsm H
t t
=  tmg(2Y)is monotone non decreasing.
e gis asymptotically flat
— i asymptotically approaches large coordinate spheres as t — +oo,

= lim my(2)) <mapy-
t—+o0
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HAWKING-TYPE MASSES

We introduce the p-Hawking mass, which is

Willmore deficit in R?
—_—~

1
E 3—p 2 V 2
m®(2):= % (4#—/21_id0+/2<13_|3_w?) d")’

where ¢, (X) is the p-capacity of ¥ and w,, is the p-IMCF issuing from 3.

o The 1-Hawking mass is the Hawking mass for strictly outward minimizing X:

Wsy= L2 ,/H: /H_W _
mH(E)74ﬂ_ 6r 47 . 4do+ 5 do | =mgz(X)

o The Hawking mass is the smallest:

mH(E)Si |427T<47r—/2H42da+/2<21 l?”p') dcr) \/E ¢ (2) FFm (D)

(D) £ ()T ¢, (8) TP mE(T) for g #1

B
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MONOTONICITY FORMULAS

Theorem - [B—, Pluda, Pozzetta '24]

Let w,, be the proper p-IMCF issuing from 3, p<[1,2), and ¥ =d{w, <t}. Then, t—mF(S¥) is
monotone nondecreasing and

1 2 2
d o) sy o Cp(EF) 5P |2 IVIIVwpll” 5—p (H [V,
— mPIRRN > P 8m— RTdUJr/ h|"+R+——L2—+ — P do |.
dt H( t ) 167!'(37])) 'E'tp> Z“tp)| | |va‘2 p*]. 2 3*]7
Moreover,
o lm m)(%)>mp(S),
p—1t

o mEEP)smy(EP)in LL asp— 1,

loc

o and the above inequality passes to the limit.

o For p> 1, monotonicity was proven in [Agostiniani, Mantegazza, Mazzieri, Oronzio 22].
o For p=1, the formula was proven in [Huisken, liImanen ‘01 - JDG].


https://doi.org/10.48550/arXiv.2411.06462
https://doi.org/10.48550/arXiv.2205.11642
https://doi.org/10.4310/jdg/1090349447

ASYMPTOTIC BEHAVIOR

1
¢ (235 H2 H |Vw 2
lim M 47r—/ —da-i—/ f—g do
t—+oo 81 ) 4 = 2 3—p
t t

o Asymptotic behaviors of w, and g come into play.
o The better the asymptotics for w,,, the fewer the constraints on g.

@ model solution on R?
Characterize e, (z) :=w,(z) — (3 —p)log|z|—(3—p)loge, (2)

m g depends only on [Vw, |=H.
Ml «1-asymptotic flatness and Ric>—Clz[ 2 = ey(z)=o(1) and SV ~S2(e?) in €.
%L-asymptotic flatness and Ric> —Clz| > — tlgrnoomH(E(tl)) <MApM-

m'?) depends aslo on V|Vw,|.
¢ }-asymptotic flatness — g, (z) =0y (1).

M «-asymptotic flatness = e (x) =0y (2l 7) and [Hesses | o ) = Ole>™)

1
& %7‘>1/2

)
-asymptotic flatness = tggloomg)(z;”) < W Amie



MAIN IDEA

Assume (M, g) is €1

1/2 -asymptotically flat

— =
HOM)< lim mg(S)< Tim %:2(2;”)71\“(;;(

t—+oo t—+oo

ep(@)=0(1) =  cg(BP)Fac,(SP) T = (1+0(1)).

Assuming Ric > —C|z| 2

%T1>1/2—osymptotic flatness =  e,(z)=0,(1)forp>1.
1
mB(2) £ (D)7 () m(S)

= my(OM)<mapy

mFOM) < lim mp(EY) < Tm o, (5))7 5 ¢ (EF)1m@(2F) <map,
—+00

t—+oo

|oM|

and i 2 (OM) > .
= mH( )2 167

p—1t

forp#1
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HAWKING-MASSES AT INFINITY

R E(P) 35 T 2
< T ) A
t—+00 8 s® 2 4
— ()T H2
< lim -2 47 f/ —do
t—+oo 81 =)

1 4m

(de I'Hopital rule)

(computing derivatives)

(Gauss—Bonnet theorem)

(recognize m ;)

(my; is the smaller)



RPI UNDER OPTIMAL DECAY

Theorem - [B—, Fogagnolo, Mazzieri 25 - CPAM]

Let (M, g) be a ¢! -asymptotically flat 3-Riemannian manifold, 7 > 1/2, with R.> 0 and a minimal con-
nected outermost boundary. Then,

M|
Tor = MaDM-

Moreover, the equality holds if and only if (M, g) is isometric to the Schwarzschild of mass m apyy.


https://doi.org/10.1002/cpa.22239
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Beyond the horizon of ADM mass
toward milder asymptotics



THE ISOPERIMETRIC MASS

[Huisken '09] introduced the notion of isoperimetric mass, which is

Myso '= sup QI;I%IMmlso(Qk)ﬂ

where Q,, is an exhaustion of M and

3
2 Q|2
Moo (€2 ) = 1691 (Qk— | 6\/I€?|r ) 0

isoperimetric deficit in R3

o my,, is a well-defined geometric invariant and depends only on the notions of volume and area.
° >0 by [Jauregui, Lee, Unger 24], even if R > 0 is not satisfied .

Miso =

° >mapy PY [Fan, Shi, Tam ‘09 - CAG]

ISO —

= (RPI) holds under stronger assumptions.

o myy, <mapy Py combining [Jauregui, Lee 19 - CRELLE] and [B—, Fogagnolo, Mazzieri ‘25 - CPAM]
= [Bartnik ‘86 - CPAM] and [Chrusciel ‘86 - SPRINGER].


https://www.ias.edu/video/marston-morse-isoperimetric-concept-mass-general-relativity
https://doi.org/10.48550/arXiv.2408.08871
https://doi.org/10.4310/CAG.2009.v17.n1.a3
https://doi.org/10.1515/crelle-2017-0007
https://doi.org/10.1002/cpa.22239
https://doi.org/10.1002/cpa.3160390505
https://mathscinet.ams.org/mathscinet-getitem?mr=1102938

THE ISOPERIMETRIC RPI

Theorem - [B—, Fogagnolo, Mazzieri 25 - CPAM]

Let (M,g) be a «“-asymptotically flat 3-Riemannian manifold, with R >0 and a minimal connected
outermost boundary. Then,

[OM]|
Tom = Misor

Moreover, the equality holds if and only if (M, g) is isometric to the Schwarzschild of mass m;

1s0°


https://doi.org/10.1002/cpa.22239

IDEA OF THE PROOF

Let Q1Y = {w, <t} (so that 80} =)

lim m;, () > lim 2 (de I'Hopital rule)

t—+oo t—+o00 % E(‘tl)|
)3
2 1 =57
= lim —— / —do — —t (computing derivatives)
t%oo|2(tl')( s H 47 ) one
_1 5]
2 | w3 2 K ( )
> lim ——— | |2 H do — Holder's inequalit
toroo S | F = 4/ quatty
1
=0\ * 1 :
= lim 2 7tz 1= —/ H2%do (factorizing)
t—+o00 fz(t”H do 167 sy
_ Wy > _ |OM| (monotonicity)
tilgloomH(Et )2mp(OM) 167 (Mg <+00)



ISOCAPACITARY MASS

[Jauregui 20 - CAG] introduced (for p = 2) the iso-p-capacitary mass m'?), which is

iso’
1

mE)(@) = 5 (1]~ 7 ¢, (09,)77 ).
2pme, (08,) 3P

iso- p-capacitary deficit in R3

P)

o m{) is a well defined geometric invariant.
What happens when replacing the isoperimetric mass/Hawking mass with the iso-p-

{8 capacitary mass/p-Hawking mass in the previous argument?


https://doi.org/10.48550/arXiv.2002.08941

ISOCAPACITARY RPI
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Theorem - [B—, Fogagnolo, Mazzieri 23 - SIGMA]

Let (M, g) be a ¥°-asymptotically flat (+ extra assumption) 3-Riemannian manifold, with R.> 0 and a
minimal connected outermost boundary. Then,

¢y (0M) 77 < 2P rme)

o We needed to assume [, |[Vw,|*do = o(e!/(?~1), because

Z(V
N
(2077 |V, |? 1 ;i
lim T'l‘t(;n> Q(m > lim Pt 47r7/ P_do 2 hm m® Elp L (OM)F .
t—+o0 ( ) t5to0 4m(3—Dp) = (3—p)2 H( )= 2 ol )

Does the extra condition hold in general? (opent)

o IMCF can jump over minimal horizons. Is it possible to do the same with p-IMCF? (open!)

o Itis not sharp since m is constant only on R3 and not on Schwarzschild spatial manifold. Can m'%

be replaced with the quantities introduced in [Xia, Yin, Zhou 24 - Adv. Math.] to prove the sharp
one? (opent!)


https://doi.org/10.3842/SIGMA.2023.091
https://doi.org/10.48550/arXiv.2306.00744
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EQUIVALENCE OF MASSES

[Bray, Miao ‘08 - Duke], [Xiao ‘16 - Ann. Henri Poincaré] proved the sharp estimate

&

°m

|oM|
16w — P

1
cp(OM)3 P <k, Myg,-

) —mpm by [Jauregui 20 - CAG] under stronger assumptions.

iso

o m{) =m,py =my, by [B—, Fogagnolo, Mazzieri 23 - SIGMA] under sharp assumptions.
o m? — my, in ¥°-asymptotically flat manifolds with R > 0 by [B—, Fogagnolo, Mazzieri ‘23 -

SIGMA].
Theorem - [B— 2X]
Let (M, g) be a ¥°-asymptotically flat 3-dimensional manifold, R.> 0. Then, mié’(’) =m,, for every p.


https://doi.org/10.1007/s00222-007-0102-x
https://doi.org/10.1007/s00023-016-0475-8
https://doi.org/10.48550/arXiv.2002.08941
https://doi.org/10.3842/SIGMA.2023.091
https://doi.org/10.3842/SIGMA.2023.091
https://doi.org/10.3842/SIGMA.2023.091
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